ABSTRACT. The aim of this paper is to study cohomogeneity one isometric linear actions on the p + qdimensional pseudo-Euclidean space R p,q . It is proved that the natural isometric action of the nilpotent factor of an Iwasawa decomposition of SO(p, q) is not of cohomogeneity one. The orbits of cohomogeneity one actions of some subgroups of a maximal parabolic subgroup of the isometry group of R p,q are determined and it is proved that there exist cohomogeneity one isometric actions on R p,q which are orbit-equivalent on the complement of a p-dimensional degenerate subspace W p of R p,q and not orbit-equivalent on W p .
INTRODUCTION AND PRELIMINARIES
The study of non-transitive actions of transformation groups on manifolds is an interesting problem.
The first and most natural case is the case when the action has an orbit of codimension one, the so called cohomogeneity one action. The concept of a cohomogeneity one action on a manifold M was introduced by P.S. Mostert in his 1956 paper [12] . The key hypothesis was the compactness of the acting Lie group in the paper. He assumed that the acting Lie group G is compact and determined the orbit space up to homeomorphism. More precisely, he proved that by the cohomogeneity one action of a compact Lie group G on a manifold M the orbit space M/G is homeomorphic to one of the spaces R, S 1 , [0, 1], or [0, 1). In the general case, in [5] B. Bergery showed that if a Lie group acts on a manifold properly and with cohomogeneity one, then the orbit space M/G is homeomorphic to one of the above spaces. the action is isometrically. When the metric is indefinite, this assumption in general does not imply that the action is proper, so the study becomes much more complicated. Also, some of the results and techniques of definite metrics fail for indefinite metrics (see, e.g., [3, 4, 7] ).
Here we assume that M is the pseudo-Euclidean space R p,q , that is the p + q-dimensional real vector space R p+q with the scalar product of signature (p, q) given by
where x = (x 1 , · · · , x p+q ) and y = (y 1 , · · · , y p+q ), and G is a closed Lie subgroup of the isometry group of R p,q which acts on it with cohomogeneity one. Throughout the paper it is assumed that p q, since R p,q is anti-isometric to R q,p .
The standard basis for R p,q is denoted by (e 1 , ..., e p+q ). Let Π i be the hyperplane defined by the equation x p−i+1 + x p+i = 0, where 1 i q. Then Π i = w ⊥ i where w i = e p−i+1 − e p+i . To adjust the notations, we assume that Π 0 = R p,q . If p = q, let P j denote the hyperplane defined by x j = 0, where 1 j p − q.
An isotropic subspace of R p,q is a vector subspace V ⊂ R p,q with the property that v, w = 0; ∀v, w ∈ V.
Let V be a maximal isotropic subspace of R p,q . Hence dim V = q. The corresponding maximal parabolic subgroup of SO o (p, q) is the stabilizer of V in SO o (p, q):
If V = p−q j=1 P j ∩ q i=1 Π i , then Q = K 0 AN, where the subgroups K 0 , A and N are introduced in section 2. One interesting class of cohomogeneity one actions on R p,q is given by certain subgroups of the maximal parabolic subgroup Q. Our first result is Theorem 3.1. This result states that the action of N on R p,q is not of cohomogeneity one, and its proof indicates that the action is of cohomogeneity two. We consider the actions of subgroups K AN on R p,q , where K ⊆ K 0 , and investigate throughly the orbit structure of these actions (see Theorem 5.6). Our results, Theorem 5.6 and Proposition 5.7, generalize Theorem 4.2 and Corollary 4.3 of [7] . A notable feature of these actions is that there exists a p-dimensional degenerate subspace W p of R p,q such that the induced orbits of all of these actions on R p,q W p coincide, whereas the orbit structures are different on W p .
IWASAWA DECOMPOSITION OF so(p, q)
In this section we introduce a fixed Iwasawa decomposition of so(p, q) which will be used in the sequel. We remind that p q.
The Lie algebra so(p, q) of the linear group SO(p, q) is given by
where M p×q (R) denotes the space of p×q real matrices. The notation X = A B B t D is used for a typical element of so(p, q) throughout the paper. Hence A = (A ij ) ∈ so(p), D = (D ij ) ∈ so(q) and
, where M p×q (R) denotes the vector space of p × q real matrices. Obviously,
The Cartan involution θ(X) = −X t of so(p, q) induces the Cartan decomposition
The subspace
where c i ∈ R for 1 i q, is a maximal abelian subspace of p. Let A = exp(a). The Lie subalgebra a is abelian, so by a direct computation one gets that
where E ij is the (p + q) × (p + q) matrix whose (i, j)-entry is 1 and whose other entires are all 0.
Let f i be the member of a * whose value on the a matrix indicated in (2) is −c i . Then the restricted roots include all linear functional ±f i ± f j , with i = j. Also the ±f i are restricted roots if p = q.
Then the restricted-root spaces for ±f i ± f j are 1 -dimensional, and the restricted-root spaces for ±f i have dimension p − q. Let Σ be the set of restricted roots and Σ + be the positive ones, and define n = λ∈Σ + g λ . By Proposition 6.40-b of [9, p. 370] , n is a Lie subalgebra of g and is nilpotent. Then so(p, q) = k ⊕ a ⊕ n is an Iwasawa decomposition of so(p, q). Let so(p, q) = g 0 ⊕ λ∈Σ g λ be the restricted root space decomposition of so(p, q) induced by a. Explicitly, g 0 = k 0 ⊕ a (see [9, p. 370] )
Denote by K 0 the Lie subgroup exp(k 0 ).
In the following proposition we give an explicit form of each member of n. For any element X = A B B t D of so(p, q), the entries of A and D, those are above the diagonal, determine the below ones. The following proposition shows that they characterize the entries of B, for any X ∈ n, as well.
B t D and X ∈ so(p, q). Then X ∈ n if and only if
If p = q, then the equations introduced in the first line of (4) are omitted.
Proof. First suppose that p = q. Let H c 1 ···cq denote a typical element of a indicated in (2). Define
Then by using a lexicographic ordering (see [9, p. 155] ), the set of restricted positive roots is
If α ∈ Σ + then the corresponding root space is defined by
Hence by a straightforward computation one gets that g f l and g f i ±f j are constituted of all
and
respectively, and the other entries of A, B and D are zero. The equations (??) gives the root-space g f j explicitly. By using the equations (6) one gets that g f i −f j and g f i +f j are one dimensional vector
, respectively (this means that their other entries are zero). Therefore,
is of the claimed form.
As a consequence of Proposition 2.1 one gets that dim N = q(p − 1). and the entries below the diagonal are determined by the upper ones, since n ⊆ s(p, q)).
THE ACTION OF THE NILPOTENT FACTOR
The nilpotent factor of SO • (p, q) is a q(p − 1) dimensional Lie subgroup. When q = 1, then dim N = p − 1 and so its action is not of cohomogeneity one on R p,1 . In the following theorem we
show that this result is true for arbitrary positive integer q.
Theorem 3.1. The action of N on R p,q is not of cohomogeneity one.
x i e i be an arbitrary fixed nonzero element of R p,q . We show that dim N(x) p + q − 2.
Let n x be the Lie subalgebra of n corresponding to the stabilizer subgroup at x, say N x . Hence n x = {X ∈ n| exp(tX)x = x, ∀t ∈ R} = {X ∈ n| Xx = 0}.
Let X be a typical element of n. Then by Proposition 2.1, the equation Xx = 0 becomes as follows.
We look for the conditions on the point x on which n x has minimum dimension. One gets the result by considering the following three cases.
Proof of Claim 1: For simplicity, first assume that k = 1, i.e.
and for p − q + 1 ≤ j ≤ p − 1 we have
where x k = 0 for any k > p + q (note that D ij = 0 for i, j ≥ q + 1). These imply that A jp and D 1,p−i+1 are linear functions of the other entries, where 1 ≤ j ≤ p − 1 and p − q + 1 i p − 1.
Now let 1 < k < q. This implies that x p−k+1 + x p+k = 0 and x p−i+1 + x p+i = 0 for any i where
These imply that A j,p−k+1 and D k,p−j+l , where 1 ≤ j ≤ p − k and p − q + 1 ≤ j ≤ p − k and one of
and for p − q + 2 ≤ j ≤ p, if x p−q+1 = 0 we have either
These imply that A j,p−q+1 where 1 ≤ j ≤ p − q and one of the A p−q+1,j or D p−j+1,q , where
Proof of Claim 2:
The condition on x implies that x p−i+1 + x p+i = 0 for all 1 ≤ i ≤ q and x j = 0 for some 1 ≤ j ≤ p − q. Then the system of equations (7) reduces to the following system.
Hence for p − q + 1 ≤ m ≤ p we have
These imply that A jm are linear functions of the other entries, where
Proof of Claim 3: Let x p−l+1 = −x p+l = 0 where l = max{j : 1 ≤ j ≤ q and x p+j = −x p−j+1 = 0}. If l = 1, then x = r(e p − e p+1 ) for some r ∈ R, which implies that N(x) = {x} and so dim N(x) = 0. If l > 1, then the system of equations (7) reduces to the following system.
Hence for 1 ≤ m ≤ l − 1 we have
These imply that D ml are linear functions of the other entries, where
Remark 3.2. In the following ordered basis of R p+q the matrix representation of any element of n is a strictly upper triangular matrix. This implies that each element of n is a nilpotent matrix.
(e p − e p+1 , e p−1 − e p+2 , · · · , e p−q+1 − e p+q , e 1 , · · · , e q , e p−q+1 + e p+q , · · · , e p + e p+1 ). (10)
For the case p = q, the vectors e i , where 1 ≤ i ≤ q, are discarded from the basis (we remind that
The representation of any element X ∈ n in the basis (10) for R p,q is determined as follows.
These imply that N(w 1 ) = {w 1 } and N(w j ) = Σ
Rw i . And the representation of any element Y ∈ a is determined as follows.
where 1 ≤ i ≤ q. Hence for any i where 1 i q, we have A(w i ) = R + w i , A(e i ) = {e i } and Proposition 3.3. The direction R(e p − e p+1 ) is the only direction in R p,q which is preserved by N.
This direction is fixed point-wise by N.
Proof. Let Rx be a direction which is preserved by N. So for any X ∈ n there is a differentiable function λ X : R → R such that
This implies that Xx
is an eigenvalue of X and so
By Remark 3.2 it is obvious that x ∈ R(e p − e p+1 ).
THE ACTION OF SO
In this section we study the orbits of the action of the Lie subgroup SO • (p, q) of Iso(R p,q ) on R p,q .
We first introduce some notations: For r ∈ R + we define
The pseudo-Riemannian submanifolds S p−1,q (r) and H p,q−1 (r) are called p + q − 1 dimensional pseudo-sphere and pseudo-hyperbolic space of radius r, respectively (see [13, Ch.4] ). The pseudosphere S p−1,q (r) is diffeomorphic to S p−1 × R q and the pseudo-hyperbolic space H p,q−1 (r) is diffeomorphic to R p × S q−1 . Hence H p,q−1 (r) is connected if and only if q > 1. If q = 1, then
where 
Let q > 1. Then Iso(S p−1,q (r)) = Iso(H p,q−1 (r)) = O(p, q) (see [13, p.239] ). In particular,
Altogether it follows that we have the following decomposition F SO•(p,q) of R p,q into orbits of
, where q > 1. The special Euclidean group K 0 N fixes the vector w 1 = e p − e p+1 ∈ Λ p+q−1 and for Lie subgroup
COHOMOGENEITY ONE ACTIONS OF LIE SUBGROUPS
Similarly, we have Q(−w 1 ) = A(−w 1 ) = R − w 1 = Rw 1 ∩ Λ p+q−1 .
Proposition 5.1. Let G = K 0 AN, which acts on R p,q naturally. Let x = p+q i=1 x i e i be a nonzero element of R p,q and dim G(x) = m. Then one of the following statements hold.
Proof. If p = q, then k 0 = 0 and the action reduces to the action of AN. For the case p = q, let K ij denote a typical entry of k 0 , where
x i e i be an arbitrary fixed element of R p,q . Let (k 0 ⊕ a ⊕ n) x be the Lie subalgebra of k 0 ⊕ a ⊕ n corresponding to the stabilizer subgroup at x, say (K 0 AN) x . Hence
Let X be a typical element of k 0 ⊕ a ⊕ n, then by (1) and Proposition 2.1 one gets that X is in one of the following forms.
Hence the equation Xx = 0 becomes as follows.
The result is an immediate consequence of the following three cases for x = p+q i=1 x i e i , which are indicated in Proposition 5.1 (a), (b) and (c), in the system of equations (18) and using the fact that
Proof of Calim 1: For simplicity, first assume that k = 1.
and 
else we have
Summing the sides of the two equations including c k in (18) 
and for p − q + 2 ≤ j ≤ p, if x p−q+1 = 0 we have
These imply that A j,p−q+1 where 1 ≤ j ≤ p − q and one of the A p−q+1,j or D p−j+1,q , where p − q + 2 ≤ j ≤ p are linear functions of the other entries. Summing the sides of the two equations including c q in (18) and using the fact that x p−q+1 + x p+q = 0, one gets that c q = 0. Therefore
Proof of Claim 2: Since x ∈ q i=1 Π i p−q j=1 P j , so x p−i+1 + x p+i = 0 for all 1 ≤ i ≤ q and x j 0 = 0 for some 1 ≤ j 0 ≤ p − q. Then the system of equations (18) reduces to the following system.
Hence for p − q + 1 ≤ j ≤ p we have
These imply that K j 0 j where 1 ≤ j ≤ p − q, with j = j 0 and A j 0 j are linear functions of the other entiers, where
Proof of Claim 3: Let x p+l = −x p−l+1 = 0 where l = max{j : 1 ≤ j ≤ q and x p+j = −x p−j+1 = 0}. If l = 1, then x = r(e p − e p+1 ) for some r ∈ R, which implies that K 0 AN(x) = Rx and so dim K 0 AN(x) = 1. If l > 1, then the system of equations (18) reduces to the following system.
For l + 1 ≤ i ≤ q, we have x p−i+1 = 0 then c i ∈ R. Since x p−l+1 = 0, we have c l = 0 and for
These imply that D ml are linear functions of the other entiers, where 1 ≤ m ≤ l − 1 and c l = 0.
Let G = AN, x ∈ R p,q and m = dim G(x). The following result states that either 0 m q or p m p + q − 1.
x i e i be a typical nonzero element of R p,q and dim G(x) = m. Then one of the following statements hold.
Proof. The proof is similar to that of Proposition 5.1, just the first line in the system of equation (18) is replaced by i=1 Π i , defined by x p−j+1 > −x p+j and x p−j+1 < −x p+j respectively. For any x ∈ W i , where i ∈ {1, 2}, we have dim G(x) = p + q − j by Propositions 5.1-(a) and 5.2-(a). The fact that Λ p+q−1 ∩ W i is a p + q − j dimensional connected manifold implies that G(x) = Λ p+q−1 ∩ W i , i.e. there are exactly two orbits with dimension p + q − j in Λ p+q−1 . Thus the only remaining set of the points of Λ p+q−1 to study their orbits is
Let k ∈ {1, ..., q}. Then w k is fixed by K 0 , and so by K . Also A(w k ) = R + w k and N(w k ) =
2. This shows that for any point x = Σ l j=1 r j w j , where r l = 0,
Hence there are two l-dimensional orbits depending on the sign of r l . Thus we proved the following corollary. Furthermore, 
manifold of H p,q−1 (r) which is preserved by G by Remark 3.2, where G = K AN. By Propositions 5.2-(a) and 5.1-(a), we have dim G(x) = p + q − k for any x ∈ H p,q−1 (r) ∩ U j . The orbit G(x) is connected, so G(x) = H p+q−k (r) ∩ U j . This shows that there are only two orbits with dimension p + q − k in H p,q−1 (r). Therefore the following corollary is proved.
Then m ∈ {p, p + 1, ..., p + q − 1} and there are exactly two orbits with dimension m in H p,q−1 (r). Thus the only remaining points of S p−1,q (r) to study their orbits is
defined by W p ∩S p−1,q (r) = S p−q−1 (r)×R q , where S p−q−1 (r) is the p−q−1 dimensional Euclidean sphere with radius r in (r) correspond bijectively to the orbits of K on the sphere S p−q−1 (r). Now we can conclude the following corollary.
Corollary 5.5. Let G = K AN, where K ⊆ K 0 , x ∈ S p−1,q (r), where r ∈ R + , and m = dim G(x).
Then m ∈ {q, ..., p + q − 1} and the following statements hold. Theorem 5.6 shows that the orbits of K AN on R p,q W p are independent of the choice of K .
Thus we get the following remarkable consequence.
Proposition 5.7. There exist cohomogeneity one actions on R p,q , p > q + 1 2, which are orbitequivalent on the complement of an p-dimensional degenerate subspace W p of R p,q and not orbitequivalent on W p .
